
INDEX

Index

1-1 correspondence, 83, 94–113
between infinite sets, 94, 98, 104, 117
definition, 94

1-1 function, 94

AMC, vii
American Mathematics Competitions, see AMC
American Regions Math League, see ARML
ARML, vii
Art of Problem Solving, v

base case, 162
bijection, 94
Binet’s formula, 186
Binomial Theorem, 24, 247

generating function, 305
bipartite, 348, 360
Boogie-Woogie Flu, 234

C, 32
Cantor diagonalization argument, 104
cardinality, 29
casework, 4
Catalan numbers, 192, 207–221

formula, 221
generating function, 330

Catalan, Eugène, 207
characteristic equation, 202
Chomp, 106–108, 292–293
combination, 8
complement (of a set), 37
complementary counting, 4

complete, 336
conditional probability, 227–237

and geometry, 236–237
definition, 231

conjunction, 38
connected, 342
connected component, 345
constructive counting, 5, 84–93
continuous, 17
contrapositive, 42
converse, 41
countable, 98, 117
craps, 282–283
cycle, 342

degree, 333
DeMorgan’s Laws, 40, 42
dependent, 16
derangement, 82, 137
di↵erence (of sets), 37
Diophantine equation, 148
Dirac’s Theorem, 362
directed graph, 333
Dirichlet Principle, 118
discrete, 17
disjoint (sets), 34
disjunction, 39
distance (on a graph), 342
distributions, 145–157

generating function, 308–314
distributive property, 43
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dummy variable, 26

edge, 332
element (of a set), 28
empty set, 29
Euler phi function, 60, 82
Euler’s formula, 351
Eulerian cycle, 354
Eulerian path, 354
exclusive or, 48
existential quantifier, 44
expected value, 18, 130–139

multiple events, 131–134
extremal principle, 340

face, 349
fair price, 19
false, 37
Ferrers diagram, 111
Fibonacci numbers, 172–189

Binet’s formula, 186
generating function, 325–327
golden ratio, 187
history, 178

FILO, 93
finite set, 28

games, 285–293
Heaps, 288, 296
losing position, 287
Nim, 290, 294, 297
winning position, 287

general solution, 202
generalized triangle inequality, 170
generating function, 298–327

Binomial Theorem, 305
Catalan numbers, 330
distributions, 308–314
Fibonacci numbers, 325–327
partitions, 315–324

golden ratio, 187
graph, 331–361

bipartite, 348, 360
connected, 342
connected component, 345
cycle, 342
degree, 333

Dirac’s Theorem, 362
directed, 333
distance, 342
edge, 332
Euler’s formula, 351
Eulerian cycle/path, 354
face, 349
Hamiltonian cycle/path, 354
leaf, 344, 345
loop, 332
multigraph, 333
order, 333
path, 342

length, 342
minimal, 342
simple, 342

planar, 349
planar representation, 349
Platonic, 354
simple, 333
subgraph, 337
vertex, 332

Hamiltonian cycle, 354
Hamiltonian path, 354
Harvard-MIT Math Tournament, see HMMT
Heaps, 288, 296
HMMT, viii
Hockey Stick identity, 250

implication, 40
induction, see mathematical induction
inductive hypothesis, 162
inductive step, 162
infinite set, 28
injective, 94
intersection, 33

leaf, 344, 345
length (of a path), 342
Leonardo of Pisa, 174, 178
LHS, 245
Liber abaci, 174, 178
LIFO, 93
linear recurrence, 201
links, vi
logic, 27, 37–45
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conjunction, 38
contrapositive, 42
converse, 41
DeMorgan’s Laws, 40
disjunction, 39
distributive property, 43
false, 37
implication, 40
negation, 38
proposition, 37
quantifier, 43–45

existential, 44
universal, 44

She↵er stroke, 43
statement, 37
true, 37
truth table, 39

loop, 332
losing position, 286, 287
Lucas numbers, 189
Lucas, Edouard, 195

Mandelbrot Competition, vii
mathematical induction, 161–171

base case, 162
inductive step, 162
strong induction, 166

member (of a set), 28
minimal path, 342
Monty Hall problem, 239
multigraph, 333

negation, 38
Nim, 290, 294, 297

one-to-one correspondence, see 1-1 correspondence
one-to-one function, see 1-1 function
onto, 94
order (of a graph), 333
overcounting, 7

partial fraction decomposition, 326
partition, 105, 108–112, 114, 314

Ferrers diagram, 111
generating function, 315–324

Pascal’s identity, 23, 246
Pascal’s Triangle, 21

path, 342
length, 342
minimal, 342
simple, 342

permutation, 3
Pick’s Theorem, 171
PIE, see principle of inclusion and exclusion
Pigeonhole Principle, 77, 118–128

generalized version, 124
planar graph, 349
planar representation, 349
Platonic, 354
power series, 298, 308
power set, 31
principle of inclusion and exclusion, 49–80

with many sets, 65–68
with three sets, 54–57
with two sets, 50–53

problem solving, iii
proper subset, 29
proposition, 37

Q, 32
quantifier, 43–45

existential, 44
universal, 44

R, 32
random walk, 265, 266, 273–276
recurrence, 195

characteristic equation, 202
linear, 201

recurrence relation, 195
recursion, 137, 168, 193–223
resources, v
RHS, 245

set, 27–37
cardinality, 29
complement, 37
di↵erence, 37
disjoint, 34
elements, 28
empty, 29
intersection, 33
members, 28
power set, 31
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subset, 29
proper, 29

superset, 29
union, 33

set-theoretic di↵erence, 37
She↵er stroke, 43
simple graph, 333
simple path, 342
stack, 93
state, 265, 268
statement, 37
Stirling numbers, 264
strong induction, 166
subgraph, 337
subset, 29

proper, 29
summation notation, 25
superset, 29
surjective, 94
symmetric di↵erence, 48
symmetry, 7, 8

totient function, 60
towers of Hanoi, 194–196

history, 195
tree, 342
triangle inequality (generalized), 170
triangulate, 207, 214
true, 37
truth table, 39

uncountable, 117
union, 33
universal quantifier, 44
universal set, 36
USA Mathematical Talent Search, see USAMTS
USAMTS, vii

Vandermonde’s identity, 255
vertex (of a graph), 332

winning position, 286, 287
Wytho↵’s game, 294

Z, 32
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